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Abstract

In this paper, we introduce new subclassesSs
λ,µ(γ1;ϕc), C

s
λ,µ(γ1;φc) and Ks

λ,µ(γ1, γ2;φ1, φ2) of
normalized analytic functions defined on the open unit disk E, utilizing a generalizedmultiplier
transformation Is

λ,µ that is based on the Hadamard product. These subclasses are linked toMa–
Minda-type subordination, which involves functions that map onto the cardioid domain. We
investigate several inclusion-type results concerning these subclasses under Is

λ,µ and examine
inclusion results related to the generalized Libera integral operatorFC . Additionally, we empha-
size several well-known subclasses of analytic functions that arise as special cases when specific
parameter values are assigned.
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1 Introduction

Let A represent the class of functions that have the following form;

f (ψ) = ψ +

∞∑︂
n=2

anψ
n, (1)

analytic in E = {ψ ∈ C : |ψ| < 1}, normalized by f (0) = f
′
(0) − 1 = 0. If f and g are analytic

in E, we say that f is subordinate to g, and is written as f ≺ g if, there exists a function u such
that f (ψ) = g (u (ψ)) , ψ ∈ E, where u (0) = 0, |u (ψ)| < 1 for ψ ∈ E. Let, for 0 ≤ η < 1, S∗ (η),
C (η), andK be the subclasses ofA comprising all analytic functions that are respectively starlike of
order η, convex of order η, and close-to-convex within the unit disk E. For more details, see [21].
For any real number s, Cho and Srivastava [7] and Cho and Kim [6] introduced the multiplier
transformation Isλ of functions f ∈ A by,

Isλf (ψ) = ψ +

∞∑︂
n=2

(︃
n+ λ

1 + λ

)︃s

anψ
n, (s ∈R; λ > −1) .

The operator is readily seen to satisfy the composition property:

Isλ
(︁
Itλf (ψ)

)︁
= Is+t

λ f (ψ) ,

whenever s and t are real numbers. The following special cases of this operator have been studied
extensively.

• For integer values of s and λ = 1, Isλ was examined by Uralegaddi and Somanatha [22].
• For s = −1, it becomes the integral operator investigated by Owa and Srivastava [16].
• For negative real s and λ = 1, it represents a multiplier transformation introduced by Jung

et al. [12] (see also, [3]).
• For λ = 0, the operator Isλ is the differential operator introduced by Salagean [19].

It is worth noting that the operator Isλ is closely linked to themultiplier transformation introduced
by Flett [10]. In a further generalization, Cho and Kim [5] defined the operator Isλ,µ:A→ A by

Isλ,µf (ψ) = fsλ,µ (ψ) ∗ f (ψ) , (s ∈R;λ > −1;µ > 0;ψ ∈ E) ,

where ∗ denotes the Hadamard product (or convolution) and fsλ,µ (ψ) is the function satisfying

fsλ (ψ) ∗ fsλ,µ (ψ) =
ψ

(1− ψ)
µ .

From this definition, it follows that

I00,2 (ψ) = ψf
′
(ψ) and I10,2 (ψ) = f (ψ) ,

for f ∈ A,with λ > −1 and µ > 0, the following differential identities hold:

ψ
(︂
Is+1
λ,µ (ψ)

)︂′

= (λ+ 1) Isλ,µ (ψ)− λIs+1
λ,µ (ψ) , (2)

ψ
(︁
Isλ,µ (ψ)

)︁′
= µIsλ,µ+1 (ψ)− (µ− 1)Isλ,µ (ψ) . (3)
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In recent years, subclasses of univalent and bi-univalent functions defined by various operators
have received considerable attention. Specifically, coefficient estimates and associated geometric
properties of such functions have been obtained by employing fractional derivatives and linear
operators (see, for instance,[18, 14]). On the other hand,[8] examinedmultivalent Bessel functions
associated with a new integral operator and established several interesting results.

Define F as the set of analytic and univalent functions φ in E. Suppose that φ satisfies the
normalization φ (0) = 1 and φ′

(0) > 0, and maps E onto a domain that is convex, starlike with
respect to the point 1, symmetric with respect to the real axis, and such that,

ℜ (φ (ψ)) > 0, for all ψ ∈ E.

For such a function φ, Ma and Minda [13] introduced the class S∗ (φ) defined by

S∗ (φ) =

{︄
f ∈ A :

ψf
′
(ψ)

f (ψ)

}︄
≺ φ (ψ) .

This family is referred to as theMa–Minda type starlike functions. Additionally, the corresponding
class of convex functions is represented by C (φ), which is defined using the Alexander relation
[2] as follows:

f ∈ C (φ) ⇔ ψf
′
(ψ) ∈ S∗ (φ) .

Ravichandran et al. [17] further generalized the Ma–Minda classes by introducing the classes:

S∗ (γ1;φ) =

{︄
f ∈ A :1 +

1

γ1

(︄
ψf

′
(ψ)

f (ψ)
− 1

)︄
≺ φ (ψ)

}︄
,

and

C (γ1;φ) =

{︄
f ∈ A :1 +

1

γ1

(︄
ψf

′′
(ψ)

f ′ (ψ)

)︄
≺ φ (ψ)

}︄
,

where γ1 ∈ C\{0}. Several specific subfamilies of S∗ (φ) have been studied. Below are some well-
known specific subfamilies of Ma–Minda type starlike functions. If we select φ (ψ) =

1 +Aψ

1 +Bψ
,

where −1 ≤ B < A ≤ 1, we obtain the classes of Janowski starlike functions and Janowski convex
functions, denoted as S∗[A,B] andC[A,B], respectively. These were introduced by Janowski [11].
For φc (ψ) = 1 +

4

3
ψ +

2

3
ψ2, Sharma et al. [20] introduced the Ma-Minda family S∗

car of analytic
functions associated with the cardioid curve defined by the equation(︁

9u2 + 9v2 − 18v + 5
)︁2 − 16

(︁
9u2 + 9v2 − 6v + 1

)︁
= 0.

The related work can be seen in [1, 4]. Inspired by the developments mentioned above and re-
cent research into subordination principles and operator theory, we introduce new subclasses of
analytic functions that are defined in terms of a domain bounded by a cardioid curve.
Definition 1.1. Let f be a function of the form (1). Then f is said to belong to the subclassS∗

car (γ1;φc)
of starlike functions of complex order γ1 if it satisfies the subordination condition:

1 +
1

γ1

(︄
ψf

′
(ψ)

f (ψ)
− 1

)︄
≺ φc (ψ) , (ψ ∈ E) ,

1123



Malaysian J. Math. Sci. 20(3): 1121–1135(2026) 1121 - 1135

where γ1 ∈ C\ {0}, φc (ψ) ∈ F and is given by

φc (ψ) = 1 +
4

3
ψ +

2

3
ψ2. (4)

Alternatively, f ∈ S∗
car (γ1;φc) if the function

(︄
1 +

1

γ1

(︄
ψf

′
(ψ)

f (ψ)
− 1

)︄)︄
, maps into the cardioid-shaped

region defined by (4).

Definition 1.2. A function f of the form (1) is said to belong to the subclass Ccar (γ1;φc) of convex
functions of order γ1 associated with the cardioid domain if it satisfies the following condition:

1 +
1

γ1

(︄
ψf

′′

(ψ)

f ′ (ψ)
− 1

)︄
≺ φc (ψ) , (ψ ∈ E) ,

where γ1 ∈ C\ {0} and φc (ψ) is given by (4).

Definition 1.3. A function f of the form (1) is said to be in the subclass Kcar (γ1, γ2;φ1, φ2) of close-
to-convex functions associated with cardioid domain if there exists a function g (ψ) ∈ S∗

car (γ1;φc) , such
that;

1 +
1

γ2

(︄
ψf

′
(ψ)

g (ψ)
− 1

)︄
≺ φ2 (ψ) , (ψ ∈ E) ,

where γ1, γ1 ∈ C\ {0}, φ1, φ2 ∈ F with φ2 = φc given by (4).

It is worth mentioning that, for particular selections of the functions φ1, φ2 and parameters
γ1, γ2, the newly introduced subclasses simplify to several classical function classes. For example,
we have:

Remark 1.1. Taking γ1 = 1− η, (0 ≤ η < 1) and φc =
1 + ψ

1− ψ
, in Definitions 1.1 and 1.2, we obtain,

S∗
car (γ1;φ1) ≡ S∗ (η) and Ccar (γ1;φc) ≡ C (η) ,

respectively. For φ1, φ2 ∈ F and γ1 = γ2 = 0, in Definition 1.3, we get Kcar (γ1, γ2;φ1, φ1) ≡ K.

Remark 1.2. For γ1 = 1, Definitions 1.1 and 1.2 reduce to

S∗
car (γ1;φ1) ≡ S∗

car and Ccar (γ1;φc) ≡ Ccar,

which were studied by Sharma et al. [20].

Remark 1.3. For φ1, φ2 ∈ F γ1 = 1− η and γ2 = 1− δ (0 ≤ η, δ < 1), in Definitions 1.1, 1.2 and 1.3,
we obtain:

S∗
car (γ1;φc) ≡ S∗ (η;φ1) , Ccar (γ1;φc) ≡ K (η;φ1) ,

and

Kcar (γ1, γ2;φ1, φ2) ≡ C (η, δ;φ1, φ2) .

These subclasses were studied by Cho and Kim [5].

Utilizing the operator Isλ,µ, we define the following novel subclasses of analytic functions.
These subclasses define generalizedMa–Minda type functions of complex order via subordination
involving the operator Isλ,µ.
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Definition 1.4. Let φ1 ∈ F, s ∈R and λ > −1, µ > 0, then for a non-zero complex number γ1, the
subclass Ss

λ,µ (γ1;φ1) is defined as

Ss
λ,µ (γ1;ϕ1) =

{︁
f ∈ A : Isλ,µf (ψ) ∈ S∗

car (γ1;φc)
}︁
.

Definition 1.5. Let φ1 ∈ F, s ∈R, γ1 ∈ C\ {0} and λ > −1, µ > 0, then the subclass Cs
λ,µ (γ1;φ1) is

defined as

Cs
λ,µ (γ1;φ1) =

{︁
f ∈ A : Isλ,µf (ψ) ∈ Ccar (γ1;φc)

}︁
.

Definition 1.6. Let γ1 be a non-zero complex number, then the subclass Ks
λ,µ (γ1, γ2;φ1, φ2) is defined as

Ks
λ,µ (γ1, γ2;φ1, φ2)=

{︁
f ∈ A : Isλ,µf (ψ) ∈ Kcar (γ1, γ2;φ1, φc)

}︁
,

where φ1,φ2 ∈ F, γ1, γ1 ∈ C\ {0} , s ∈R and λ > −1, µ > 0.

We also observe that
f (ψ) ∈ Cs

λ,µ (γ1,ϕ1)⇔ψf
′
(ψ) ∈ Ss

λ,µ (γ1;φ1) . (5)
Remark 1.4. For φ1,φ2, φc ∈ F and γ1 = 1− η, γ2 = 1− δ (0 ≤ η, δ < 1) , in Definitions 1.4, 1.5 and
1.6, we obtain the following subclasses of analytic functions investigated by Cho and Kim [5].
As a particular case, we set

Ss
λ,µ

(︃
γ1;

(︃
1 +Mψ

1 +Nψ

)︃α)︃
= Ss

λ,µ (γ1;M,N,α) , (0 < α ≤ 1,−1 ≤ N < M ≤ 1) ,

and

Cs
λ,µ

(︃
γ1;

(︃
1 +Mψ

1 +Nψ

)︃α)︃
= Cs

λ,µ (γ1;M,N,α) , (0 < α ≤ 1,−1 ≤ N < M ≤ 1) .

Remark 1.5. For γ1 = 1− η (0 ≤ η < 1) , in the above particular case, we obtain the following particular
case examine by Cho and Kim [5]:

Ss
λ,µ

(︃
γ1;

(︃
1 +Mψ

1 +Nψ

)︃α)︃
≡ Ss

λ,µ

(︃
η;

(︃
1 +Mψ

1 +Nψ

)︃α)︃
, (0 < α ≤ 1,−1 ≤ N < M ≤ 1) ,

and

Cs
λ,µ

(︃
γ1;

(︃
1 +Mψ

1 +Nψ

)︃α)︃
≡ Ks

λ,µ

(︃
η;

(︃
1 +Mψ

1 +Nψ

)︃α)︃
, (0 < α ≤ 1,−1 ≤ N < M ≤ 1) .

2 Preliminaries

For our investigation, the following results are needed.
Lemma 2.1. [9]. Assume that φ1 is a convex univalent function in E satisfying φ1 (0) = 1. Suppose that
there exist complex constants k, v ∈C such that

ℜ{kφ1 (ψ) + v} > 0.

Furthermore, let p be an analytic function in E with p (0) = 1, then

p (ψ) +
ψp

′
(ψ)

kp (ψ)
≺ φ1 (ψ) ,

implies that

p (ψ) ≺ φ1 (ψ) (ψ ∈ E) .
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Lemma 2.2. [15]. Assume that φ1 is a convex univalent function in E, and let w be analytic in E such
that

ℜ{w (ψ)} ≥ 0.

Furthermore, let p be an analytic function in E with p (0) = 1, then

p (ψ) +w (ψ)ψp
′
(ψ) ≺ φ1 (ψ) ,

implies that

p (ψ) ≺ φ1 (ψ) (ψ ∈ E) .

3 Main Results

In this section, we examine various inclusion properties of the subclasses Ss
λ,µ(γ1;φ1),

Cs
λ,µ(γ1;φ1) and Ks

λ,µ(γ1, γ2;φ1, φ2) associated with the operator Isλ,µ, and investigate inclusion
results related to the generalized Libera integral operator FC .Additionally, we highlight several
well-known subclasses of analytic functions obtained as special cases by assigning specific pa-
rameter values.

3.1 The operator Isλ,µ and its inclusion-related properties

Theorem 3.1. Let s ∈R,with λ taken from the non-negative reals and and µ ≥ 1. Then the following holds:

Ss
λ,µ+1 (γ1;φ1) ⊂ Ss

λ,µ (γ1;φ1) ⊂ Ss+1
λ,µ (γ1;φ1) , (γ1 ∈ C\ {0} ;φ1 ∈ F) .

Proof. Let us first show that

Ss
λ,µ+1 (γ1;φ1) ⊂ Ss

λ,µ (γ1;φ1) .

Let f ∈ Ss
λ,µ+1 (γ1;φ1) and set

p (ψ) = 1 +
1

γ1

⎛⎜⎝ψ
(︂
Isλ,µf (ψ)

)︂′

Isλ,µf (ψ)
− 1

⎞⎟⎠ . (6)

Here, p (ψ) is analytic in E and p (0) = 1, it follows from (3) and (1.6) that

µ
Isλ,µ+1f (ψ)

Isλ,µf (ψ)
= γ1p (ψ) + µ− γ1. (7)

Differentiating logarithmically on both sides of (7) and multiply by ψ,we obtain the following:

1 +
1

γ1

⎛⎜⎝ψ
(︂
Isλ,µ+1f (ψ)

)︂′

Isλ,µ+1f (ψ)
− 1

⎞⎟⎠ = p (ψ) +
ψf

′
(ψ)

γ1p (ψ) + µ− γ1
. (8)
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By using Lemma 2.1 to (8), we conclude that p ≺φ1; that is, f ∈ Ss
λ,µ (γ1;φ1) . Proceeding to the

second part, let us assume f ∈ Ss
λ,µ (γ1;φ1) and define

q (ψ) = 1 +
1

γ1

⎛⎜⎝ψ
(︂
Is+1
λ,µ f (ψ)

)︂′

Is+1
λ,µ f (ψ)

− 1

⎞⎟⎠ ,

where the function q (ψ) is analytic in the open unit disk E with q (0) = 1. Subsequently, using
arguments analogous to those discussed above with (2), we infer that q (ψ) ≺ φ1 in E, which
implies that f ∈ Ss+1

λ,µ (γ1;φ1). We have thus completed the proof of Theorem 3.1.
Remark 3.1. For γ1 = 1− η (0 ≤ η < 1) in Theorem 3.1, we obtain the following known result (Theorem
2.1, p. 326) for the subclass Ss

λ,µ (η;φ1) , studied by [5].

Theorem 3.2. [5]. Let s ∈R, µ ≥ 1 and λ ≥ 0 . Then

Ss
λ,µ+1 (η;φ1) ⊂ Ss

λ,µ (η;φ1) ⊂ Ss+1
λ,µ (η;φ1) , (0 ≤ η < 1;φ1 ∈ F) .

Theorem 3.3. Let s ∈R, µ ≥ 1 and λ ≥ 0 . Then

Cs
λ,µ+1 (γ1;φ1) ⊂ Cs

λ,µ (γ1;φ1) ⊂ Cs+1
λ,µ (γ1;φ1) , (γ1 ∈ C\ {0} ;φ1 ∈ F) .

Proof. Using (5) along with Theorem 3.1, we note that
f (ψ) ∈ Cs

λ,µ+1 (γ1;φ1) ⇔ Isλ,µ+1f (ψ) ∈ Ccar (γ1;φc) ,

Isλ,µ+1f (ψ) ∈ Ccar (γ1;φc) ⇔ ψ
(︁
Isλ,µ+1f (ψ)

)︁′
∈ S∗

car (γ1;φc) ,

ψ
(︁
Isλ,µ+1f (ψ)

)︁′
∈ S∗

car (γ1;φc) ⇔ Isλ,µ+1

(︂
ψf

′
(ψ)
)︂
∈ S∗

car (γ1;φc) ,

Isλ,µ+1

(︂
ψf

′
(ψ)
)︂
∈ S∗

car (γ1;φc) ⇔ ψf
′
(ψ) ∈ Ss

λ,µ+1 (γ1;φ1) ,

ψf
′
(ψ) ∈ Ss

λ,µ+1 (γ1;φ1) ⇔ ψf
′
(ψ) ∈ Ss

λ,µ (γ1;φ1) ,

ψf
′
(ψ) ∈ Ss

λ,µ (γ1;φ1) ⇔ Isλ,µ

(︂
ψf

′
(ψ)
)︂
∈ S∗

car (γ1;φc) ,

Isλ,µ

(︂
ψf

′
(ψ)
)︂
∈ S∗

car (γ1;φc) ⇔ ψ
(︁
Isλ,µf (ψ)

)︁′
∈ S∗

car (γ1;φc) ,

ψ
(︁
Isλ,µf (ψ)

)︁′
∈ S∗

car (γ1;φc) ⇔ Isλ,µf (ψ) ∈ Ccar (γ1;φc) ,

Isλ,µf (ψ) ∈ Ccar (γ1;φc) ⇔ f (ψ) ∈ Cs
λ,µ (γ1;φ1) .

Finally, by assembling these equivalences, we obtain the following:
f (ψ) ∈ Cs

λ,µ+1 (γ1;φ1) ⇔ f (ψ) ∈ Cs
λ,µ (γ1;φ1) ,

implies that
Cs
λ,µ+1 (γ1;φ1) ⊂ Cs

λ,µ (γ1;φ1) .

Now, for the second part, again using (5), we have

f(ψ) ∈ Cs
λ,µ(γ1;φ1) ⇔ ψf

′
(ψ) ∈ Ss

λ,µ(γ1;φ1),

⇒ ψf
′
(ψ) ∈ Ss+1

λ,µ (γ1;φ1) ,

ψf
′
(ψ) ∈ Ss+1

λ,µ (γ1;φ1) ⇔ ψ(Is+1
λ,µ f(ψ))

′
∈ S∗

car(γ1;φc),

ψ(Is+1
λ,µ f(ψ))

′
∈ S∗

car(γ1;φc) ⇔ Is+1
λ,µ f(ψ) ∈ Ccar(γ1;φc),

Is+1
λ,µ f(ψ) ∈ Ccar(γ1;φc) ⇔ f(ψ) ∈ Cs+1

λ,µ (γ1;φ1),
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Thus, it follows that

f (ψ) ∈ Cs
λ,µ (γ1;φ1) ⇔ f (ψ) ∈ Cs+1

λ,µ (γ;φ1) .

Therefore, the inclusion Cs
λ,µ (γ1;φ1) ⊂ Cs+1

λ,µ (γ1;φ1) holds, and the proof of Theorem 3.3 is com-
plete.

If we choose

φ1 (ψ) =

(︃
1 +Mψ

1 +Nψ

)︃α
, (0 < α ≤ 1;−1 ≤ N < M ≤ 1;ψ ∈ E) ,

then an application of Theorems 3.1, and 3.3 leads to the following corollary.
Corollary 3.1. Let s ∈R, µ ≥ 1 and λ ≥ 0 . Then

Ss
λ,µ+1 (γ1;M,N ;α) ⊂ Ss

λ,µ (γ1;M,N ;α) ⊂ Ss+1
λ,µ (γ1;M,N ;α) ,

and

Cs
λ,µ+1 (γ1;M,N ;α) ⊂ Cs

λ,µ (γ1;M,N ;α) ⊂ Cs+1
λ,µ (γ1;M,N ;α) ,

where α ∈ (0, 1] , γ1 ∈ C\ {0}, and the parameters N andM satisfy −1 ≤ N < M ≤ 1.

Remark 3.2. For φ1, φc ∈ F and γ1 = 1− η (0 ≤ η < 1). Utilizing Theorem 3.3, this yields a previously
established result for the subclassKs

λ,µ (η; φ1) , investigated by Cho and Kim [5].

Theorem 3.4. [5]. Let s ∈R, µ ≥ 1 and λ ≥ 0 . Then

Ks
λ,µ+1 (γ1;φ1) ⊂ Ks

λ,µ (γ1;φ1) ⊂ Ks+1
λ,µ (γ1;φ1) (0 ≤ η < 1;φ1 ∈ F) .

Remark 3.3. For γ1 = 1 − η with (0 ≤ η < 1) , Corollary 3.1, yields the following known result for the
subclasses Ss

λ,µ (η;φ1) andKs
λ,µ (η;φ1) ,which were previously studied by Cho and Kim [5].

Corollary 3.2. [5]. Let s ∈R, µ ≥ 1 and λ ≥ 0 . Then

Ss
λ,µ+1 (η;M,N ;α) ⊂ Ss

λ,µ (η;M,N ;α) ⊂ Ss+1
λ,µ (η;M,N ;α)

and

Ks
λ,µ+1 (η;M,N ;α) ⊂ Ks

λ,µ (η;M,N ;α) ⊂ Ks+1
λ,µ (η;M,N ;α) ,

where 0 < α ≤ 1, 0 ≤ η < 1 and −1 ≤ N < M ≤ 1. Finally, applying Lemma 2.2, we derive
the following inclusion result for the subclass Ks

λ,µ (γ1, γ2;φ1, φ2) .

Theorem 3.5. Let s ∈R, µ ≥ 1 and λ ≥ 0 . Then

Ks
λ,µ+1 (γ1, γ1;φ1, φ2) ⊂ Ks

λ,µ (γ1, γ1;φ1, φ2) ⊂ Ks+1
λ,µ (γ1, γ1;φ1, φ2) ,

where γ1, γ1 ∈ C\ {0} and φ1, φ2 ∈ F.
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Proof. Initially, let us prove that

Ks
λ,µ+1 (γ1, γ1;φ1, φ2) ⊂ Ks

λ,µ (γ1, γ1;φ1, φ2) .

Let f ∈ Ks
λ,µ+1 (γ1, γ1;φ1, φ2) . Then, based on the definition of the given subclass, there exists a

function g (ψ) ∈ Ss
λ,µ+1 (γ1;φ1) satisfying

1 +
1

γ2

⎛⎜⎝ψ
(︂
Isλ,µ+1f (ψ)

)︂′

Isλ,µ+1g (ψ)
− 1

⎞⎟⎠ ≺ φ2.

Next, let

p (ψ) = 1 +
1

γ2

⎛⎜⎝ψ
(︂
Isλ,µf (ψ)

)︂′

Isλ,µg (ψ)
− 1

⎞⎟⎠ ,

where p is analytic in E and satisfies p (0) = 1. By applying (3), we obtain

(γ2p (ψ)− γ2 + 1) Isλ,µg (ψ) + (µ− 1) Isλ,µf (ψ) = µIsλ,µ+1f (ψ) . (9)

Upon differentiating (9), and multiplying the result by ψ,we obtain

γ2ψp
′
(ψ) Isλ,µg (ψ) + (γ2p (ψ)− γ2 + 1)ψ

(︁
Isλ,µg (ψ)

)︁′
= µψ

(︁
Isλ,µ+1f (ψ)

)︁′
− (µ− 1)ψ

(︁
Isλ,µf (ψ)

)︁′
.

(10)

Since g (ψ) is a member of the subclass Ss
λ,µ+1 (γ1;φ1) , it follows directly from Theorem 3.1 that

g (ψ) also belongs to Ss
λ,µ (γ1;φ1) . Let,

h (ψ) = 1 +
1

γ1

⎛⎜⎝ψ
(︂
Isλ,µg (ψ)

)︂′

Isλ,µg (ψ)
− 1

⎞⎟⎠ .

Proceeding with (3) again, we get

µ
Isλ,µ+1g (ψ)

Isλ,µg (ψ)
= γ1h (ψ)− γ1 + µ. (11)

By making use of (10) and (11), we derive

1 +
1

γ2

⎛⎜⎝ψ
(︂
Isλ,µ+1f (ψ)

)︂′

Isλ,µ+1g (ψ)
− 1

⎞⎟⎠ = p (ψ) +
ψp

′
(ψ)

γ1h (ψ)− γ1 + µ
.

Given µ ≥ 0 and h (ψ) ≺ φ1 in E,we conclude

ℜ{γ1h (ψ)− γ1 + µ} > 0 (ψ ∈ E) .

Hence, by applying Lemma 2.2, it follows that p ≺φ2, and therefore f ∈ Ks
λ,µ (γ1, γ1;φ1, φ2) . By

repeating the previous steps with reference to (3), we get inclusion results for the second part,

Ks
λ,µ (γ1, γ2;φ1, φ2) ⊂ Ks+1

λ,µ (γ1, γ1;φ1, φ2) .

Thus, the proof of Theorem 3.5 is complete.
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Remark 3.4. For φ1, φ2 ∈ F and γ1 = 1 − η, γ2 = 1 − δ (0 ≤ η, δ < 1) in Theorem 3.5, the following
inclusion results hold in connection with Cs

λ,µ (η, δ;φ1, φ2) examined by Cho and Kim [5].

Theorem 3.6. Let the real parameter s and the non-negative constants λ and µ satisfy s ∈R, λ ≥ 0, and
µ ≥ 1. Then,

Cs
λ,µ+1 (η, δ;φ1, φ2) ⊂ Cs

λ,µ (γ1;ϕ1) ⊂ Cs+1
λ,µ (γ1;ϕ1) , (0 ≤ η, δ < 1;φ1, φ2 ∈ F) .

3.2 The integral operator FC and its inclusion-related properties

This section focuses on the generalized Libera integral operator FC [16], defined by

FC (f) (ψ) =
c+ 1

ψc

ψ∫︂
0

tc−1f (t) dt, where f ∈ A and c > −1. (12)

The proof begins with the following result.
Theorem 3.7. Let s ∈R, γ1 ∈ C\ {0} and c, λ, µ ∈ [0,∞) . If f ∈ Ss

λ,µ (γ1;φ1) , then,

FC (f) ∈ Ss
λ,µ (γ1;φ1) , (φ1 ∈ F) .

Proof. Let f belong to the subclass Ss
λ,µ (γ1;φ1), and let us set

p (ψ) = 1 +
1

γ1

⎛⎜⎝ψ
(︂
Isλ,µFC (f)

)︂′

Isλ,µFC (f)
− 1

⎞⎟⎠ . (13)

Here, p is analytic in E and satisfying p (0) = 1. From equation (12), we obtain

ψ
(︁
Isλ,µFC (f)ψ

)︁′
= (c+ 1) Isλ,µf (ψ)− cIsλ,µFC (f) . (14)

Next, using (13) and (14), we get

(c+ 1)
Isλ,µf (ψ)

Isλ,µFC (f) (ψ)
= γ1p (ψ)− γ1 + 1 + c. (15)

Applying the principle of logarithmic differentiation to both sides of (15) and multiplying by ψ,
we get

p (ψ) +
ψp

′
(ψ)

γ1p (ψ)− γ1 + 1 + c
= 1 +

1

γ1

⎛⎜⎝ψ
(︂
Isλ,µf (ψ)

)︂′

Isλ,µf (ψ)
− 1

⎞⎟⎠ .

Thus, by applying Lemma 2.1, it follows that p ≺φ1 inE,which implies thatFC (f) ∈ Ss
λ,µ (γ1;φ1).

Remark 3.5. For γ1 = 1 − η (0 ≤ η < 1), in Theorem 3.7, we obtain the following known result studied
by Cho and Kim [5].

Theorem 3.8. Let s ∈R and c, λ ≥ 0, µ > 0. If f ∈ Ss
λ,µ (η;φ1) , then

FC (f) ∈ Ss
λ,µ (η;φ1) , (φ1 ∈ F;0 ≤ η < 1) .
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Proceeding further, we derive the following inclusion property involving FC .

Theorem 3.9. Let s ∈R and c, λ ≥ 0, µ > 0. If f ∈ Cs
λ,µ (γ1;ϕ1) , then

FC (f) ∈ Cs
λ,µ (γ1;ϕ1) , (γ1 ∈ C\ {0} ;φ1 ∈ F) .

Proof. From Theorem 3.1, we have

f ∈ Cs
λ,µ (γ1;φ1) ⇔ ψf

′
(ψ) ∈ Ss

λ,µ (γ1;φ1) ,

ψf
′
(ψ) ∈ Ss

λ,µ (γ1;φ1) ⇔ FC

(︂
ψf

′
(ψ)
)︂
∈ Ss

λ,µ (γ1;φ1) ,

FC

(︂
ψf

′
(ψ)
)︂
∈ Ss

λ,µ (γ1;φ1) ⇔ ψ (FC (f) (ψ))
′
∈ Ss

λ,µ (γ1;φ1) ,

ψ (FC (f) (ψ))
′
∈ Ss

λ,µ (γ1;φ1) ⇔ FC (f) (ψ) ∈ Cs
λ,µ (γ1;φ1) .

Thus, we obtain

f ∈ Cs
λ,µ (γ1;φ1) ⇔ FC (f) (ψ) ∈ Cs

λ,µ (γ1;φ1) .

This completes the proof of Theorem 3.9.
Remark 3.6. For γ1 = 1 − η (0 ≤ η < 1) , in Theorem 3.9, the following known result, studied by [5],
can be obtained.

Theorem 3.10. [5]. Let s ∈R and c, λ ≥ 0, µ > 0. If f ∈ Ks
λ,µ (η;φ1) , then,

FC (f) ∈ Ks
λ,µ (η;φ1) (0 ≤ η < 1;φ1 ∈ F) .

Based on Theorems 3.1 and 3.3, we have the following:
Corollary 3.3. Let s ∈R and c, λ ≥ 0, µ > 0. If

f ∈ Ss
λ,µ (γ1;A1, A2;α)

(︁
or Cs

λ,µ (γ1;A1, A2;α)
)︁
, (γ1 ∈ C\ {0} ;−1 ≤ A1 < A2 ≤ 1; 0 < α ≤ 1) ,

then

FC (f) ∈ Ss
λ,µ (γ1;A1, A2;α)

(︁
or Cs

λ,µ (γ1;A1, A2;α)
)︁
.

Remark 3.7. By choosing γ1 = 1 − η with 0 ≤ η < 1 in Corollary 3.3 leads to a previously established
result presented in the work of [5].

Corollary 3.4. [5]. Let s ∈R and c, λ ≥ 0, µ > 0. If

f ∈ Ss
λ,µ (η;A1, A2;α)

(︁
orKs

λ,µ (η;A1, A2;α)
)︁
, (0 ≤ η < 1;−1 ≤ A1 < A2 ≤ 1; 0 < α ≤ 1) ,

then

FC (f) ∈ Ss
λ,µ (η;A1, A2;α)

(︁
orKs

λ,µ (η;A1, A2;α)
)︁
.

We now proceed to the final result of this section, as follows:
Theorem 3.11. Let s ∈R and c, λ ≥ 0, µ > 0. If f ∈ Ks

λ,µ (γ1, γ2;φ1, φ2) , then

FC (f) ∈ Ks
λ,µ (γ1, γ2;φ1, φ2) , (γ1, γ1 ∈ C\ {0} ;φ1, φ2 ∈ F) .
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Proof. Let f ∈ Ks
λ,µ (γ1, γ2;φ1, φ2) .Then, by definition, there exists a function g (ψ) ∈ Ss

λ,µ (γ1;φ1)
such that

1 +
1

γ2

⎛⎜⎝ψ
(︂
Isλ,µf (ψ)

)︂′

Isλ,µg (ψ)
− 1

⎞⎟⎠ ≺ φ2 (ψ) , (ψ ∈ E) .

Let

p (ψ) = 1 +
1

γ2

⎛⎜⎝ψ
(︂
Isλ,µFC (f) (ψ)

)︂′

Isλ,µFC (g) (ψ)
− 1

⎞⎟⎠ ,

here, p denotes an analytic function in Ewith p (0) = 1. Since

g(ψ) ∈ Ss
λ,µ(γ1;φ1),

it follows from Theorem 3.7 that: FC (g) ∈ Ss
λ,µ (γ1;φ1) . Using (14), we get

(c+ 1)Isλ,µf (ψ) = (γ2p (ψ)− γ2 + 1) Isλ,µFC (g) (ψ) + cIsλ,µFC (f) (ψ) .

Upon differentiating and then multiplying by ψ,we obtain

(c+ 1)
ψ
(︂
Isλ,µf (ψ)

)︂′

Isλ,µFC (g) (ψ)
= γ2ψp

′
(ψ) + (γ2p (ψ)− γ2 + 1)

ψ
(︂
Isλ,µFC (g) (ψ)

)︂′

Isλ,µFC (g) (ψ)

+ c
ψ
(︂
Isλ,µFC (f) (ψ)

)︂′

Isλ,µFC (g) (ψ)
.

(16)

By using the following relations in (16),

ψ
(︂
Isλ,µFC (g) (ψ)

)︂′

Isλ,µFC (g) (ψ)
= γ1q (ψ)− γ1 + 1,

ψ
(︂
Isλ,µFC (f) (ψ)

)︂′

Isλ,µFC (g) (ψ)
= γ2p (ψ)− γ2 + 1,

where

q (ψ) =
1

γ1

⎛⎜⎝ψ
(︂
Isλ,µFC (g) (ψ)

)︂′

Isλ,µFC (g) (ψ)
+ (γ1 − 1)

⎞⎟⎠ ,

p (ψ) =
1

γ2

⎛⎜⎝ψ
(︂
Isλ,µFC (f) (ψ)

)︂′

Isλ,µFC (g) (ψ)
+ (γ2 − 1)

⎞⎟⎠ .

Equation (16) can be written as,

(c+ 1)
ψ
(︂
Isλ,µf (ψ)

)︂′

Isλ,µFC (g) (ψ)
= (γ2p (ψ)− γ2 + 1) (γ1q (ψ)− γ1 + 1 + c) + γ2ψp

′
(ψ) .
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Let

(c+ 1)
ψ
(︂
Isλ,µf (ψ)

)︂′

Isλ,µg (ψ)
=

Isλ,µFC (g) (ψ)

Isλ,µg (ψ)

{︂
(γ2p (ψ)− γ2 + 1) (γ1q (ψ)− γ1 + 1 + c) + γ2ψp

′
(ψ)
}︂
.

(17)
Furthermore, relation (15) for the function g ∈ Ss

λ,µ (γ1;φ1)with p (ψ) = q (ψ) , is given by
Isλ,µFC (g) (ψ)

Isλ,µg (ψ)
=

(c+ 1)

γ1q (ψ)− γ1 + 1 + c
.

Therefore, (17) reduces to

ψ
(︂
Isλ,µf (ψ)

)︂′

Isλ,µg (ψ)
− (γ2 − 1) = γ2p (ψ) +

γ2ψp
′
(ψ)

γ1q (ψ)− γ1 + 1 + c
.

Dividing γ2, on both sides we get

1 +
1

γ2

⎛⎜⎝ψ
(︂
Isλ,µf (ψ)

)︂′

Isλ,µg (ψ)
− 1

⎞⎟⎠ = p (ψ) +
ψp

′
(ψ)

γ1q (ψ)− γ1 + 1 + c
.

Lemma 2.1 leads to the conclusion that p ≺φ2, and consequentlyFC (f) ∈ Ks
λ,µ (γ1, γ2;φ1, φ2). The

remaining part of the proof in Theorem 3.11 is analogous to that of Theorem 3.5, the result follows
from similar steps and is omitted.
Remark 3.8. For γ1 = 1 − η, γ2 = 1 − δ (0 ≤ η, δ < 1) in Theorem 3.11, we get the following known
inclusion results, for the subclass Cs

λ,µ (η, δ;φ1, φ2) investigated by Cho and Kim [5].
Theorem 3.12. Let s ∈R and c, λ ≥ 0, µ > 0. If f ∈ Cs

λ,µ (η, δ;φ1, φ2) , then

FC (f) ∈ Cs
λ,µ (η, δ;φ1, φ2) (0 ≤ η, δ < 1;φ1, φ2 ∈ F) .

4 Conclusions

In this paper, new subclasses of normalized analytic via the generalized multiplier transfor-
mation Isλ,µ, based on the Hadamard product are introuduced. These subclasses are defined
through Ma–Mninda-type subordination technique involving functions mapping onto the car-
dioid domain. Various inclusion relationships among these subclasses under the action of the op-
erator Isλ,µ are investigated. Furthermore, the inclusion properties of these subclasses in relation
to the generalized Libera integral operatorFC are examined. Our study also demonstrated several
well-known subclasses of analytic functions as special cases by specifying appropriate parameter
values.
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